In this paper we present further arguments for the renormalizability of gravity as a quantum theory in Ashtekar variables by reformulating the quantum constraints in the cubic tree network picture. The quantum constraints, seen as classical equations of motion for a thirdquantized theory, exhibit the same network structure for a wide class of couplings as those for various renormalizable nongravitational theories such as Yang-Mills theory. We support the case by analogy to Yang-Mills and distinction from metric general relativity, whose tree network structure blows up. We argue a correspondence between the structures of a network and those of the effective action for a theory, which correlates by way of the SQC to its renormalizability properties. This feature of the tree network picture is made possible by the polynomial nature of general relativity in the Ashtekar variables.
Introduction
One of the motivations behind the creation of the Ashtekar variables was to recast general relativity into the form of a Yang-Mills theory. 1 The rationale is that given that general relativity in the metric variables is peturbatively nonrenormalizable as a quantum theory, and Yang-Mills is renormalizable, then by embedding the phase space of general relativity into that of Yang-Mills theory, some of the techniques of quantum Yang-Mills theory which have been successful could possibly be imported into general relativity. One aspect definitely shared in common between general relativity and nonabelian gauge theory is the Gauss' law constraint, given by
where E i A and σ i a are the Yang-Mills electric field and its gravitational counterpart, and D i is the SU (2) covariant derivative. Of course, the phase space of general relativity is more constrained than its Yang-Mills counterpart owing to diffeomorphism invariance. Some other authors have investigated relations between the Yang-Mills phase space and that of metric general relativity [5] , [6] .
In the present work we will take the analogy of general relativity to Yang-Mills theory one step further. The motivation is to establish the renormalizability of general relativity by importing some of the structure of the latter into the former. We shall take advantage of two features, not including the Gauss' law constraint, shared in common between the two theories: (i) Yang-Mills theory contains a dimensionless coupling constant g, which imbues it with desireable renaormalizability properties unlike in metric general relativity for which the coupling constant √ G is of negative mass dimension. 2 We will determine the analogous dimensionless coupling constant for general relativity in Ashtekar variables. (ii) The second feature in common is that Yang-Mills theory is polynomial in the basic variables of the theory, as is general relativity in Asthekar variables for the left-handed (complex) connection, unlike in the metric variables where due to the determinant of the metric √ g the theory is nonpolynomial. We will establish a link between these two features and the renormalizability features of YangMills and then argue for the renormalizbility of quantum general relativity by direct analogy.
We have shown in [7] how the equivalence between the path integral representation and the canonical representations of a set of special states known as the generalized Kodama states Ψ GKod introduced in [8] can be established. We claim that the ability to establish this equivalence, assuming that the canonical representation of the state is finite, implies the nonperturbative renormalizability of general relativity. The argument is based on the idea that the manifest nonrenormalizability in metric variables is a result of attempting to evaluate the path integral, which diverges, in terms of a loop expansion. The path integral in metric variables has, to the present author's knowledge' been shown to be finite only to one loop for pure gravity devoid of matter fields. Hence, since a path integral representation exists in Ashtekar variables, the implication is that all parameters needed for renormalization are encoded in the form of a single parameter at the semiclassical level. 3 In the present paper we will show that the constraints of general relativity in Ashtekar variables lead to a special structure, a Feynman-diagrammatic network graph which is identical in structure to the analogous network in Yang-Mills theory. This is the vehicle by which we import the former into the latter. By linking the network structure of Yang-Mills theory to its perturbative renormalizability as a quantum theory, we can establish the renormalizability of gravity by direct analogy for cases when this structure is identical.
The layout of this paper is as follows. In section 2 we examine the simplest theory which shares the desireable features of Ashtekar's gravity, namely φ 4 theory in four dimensions. We show how at the level of the classical equations of motion the theory can be cast in terms of tree networks, 4 and we make note of the network topology. In section 3 we rephrase the semiclassical-quantum correspondence within the framework of a correspondence between the classical equations of motion and the quantum theory via path integral. We find that the two descriptions are isomorphic to one another as far as the network structures are concerned. In section 4 we put the equations determining the network into standard form for comparison amongst different theories. In section 5 we perform the analogous depiction of the Yang-Mills theory in four dimensions in terms of networks. It is seen that the network structure of Klein-Gordon and Yang-Mills theories are very similar to one another. In section 6 we cast metric general relativity into the network picture. It is here that the source of the nonrenormalizability becomes apparent. It amounts to the fact that the network structure in metric variables contains an infinite number of nodes, making it nontrivial or impossible to solve the Einstein's equations in closed form. The nonpoly-nomiality of the equations of motion is the cause, an effect which is absent in both the Yang-Mills and the Klein-Gordon theories. In section 8 we write down the quantum constraints of general relativity in Ashtekar variables as shown in [8] , [9] , noting that the quantum equations of motion have exactly the same form as the classical equations of motion for Yang-Mills theory coupled to lower-spin matter fields. This enables a closed form solution for the constraints of general relativity, in direct analogy to Yang-Mills, in terms of networks.
. The argument for renormalizability of gravity via tree networks proceeds as follows. Yang-Mills theory has a dimensionless bcoupling constant g and its network structures such as propagators, vertices and source currents, form a finite set of objects common to both the pertrubative solution to its classical equations of motion as well as the loop expansion of its effectiv action, with no additional structures beyond the tree level. Yang-Mills is a renormalizable theory. We will show that general realtivity in Ashtekar variables in certain cases possesses the exact same objects, from a structural point of view, as well as a dimensionless coupling constant. Therefore, we propose that gravity for these cases by inference is renormalizable as a quantum theory. For the remaining cases, such as matter Hamiltonians leading to higher than quadratic order of singularity, a more in-depth analysis and machinery is required.
φ
4 theory in the renormalizability tree network picture Consider the action for a massive scalar field φ(x) in four-dimensional Minkowski spacetime with self-interaction potential V (φ(x)). One is restricted, if one wants to consider perturbatively renormalizable theories, to a particular class of self-couplings. Any theory with negative dimensions for the coupling constant is superficially nonrenormalizable [11] . Hence, in four dimensions one is limited to a maximum of four powers of the fundamental field for the self-interaction potential V (φ) in order to consider perturbatively renormalizable theories. The action for φ 4 theory is given by
Since (2) corresponds to a anharmonic theory, a conventional method to solve it is to treat φ as a free field subject to self-interactions. The quantization procedure via path integral is suited to a perturbative expansion in the couplings for this theory and generates an infinite series of loop corrections to the tree-level Lagrangian. These loop corrections can be written compactly in terms of Feynman diagrams.
The classical equation of motion stemming from (2) is given by
One obvious solution to (3) is given by φ(x) = 0, which corresponds to an unbroken symmetry. For any nontrivial solutions we investigate the approach of a multipole-like scattering expansion. By our use of the approach one first extracts the propagator or Green's function which propagates disturbances from one spacetime point x to another spacetime point y
One then operates on (3) with the Green's function to obtain a recursion relation relating the field φ(x) to itself at a particular spacetime point x.
Equation (5) requires some explanation. Let us write out the first term on the right hand side in its position space representation.
where the Green's function can be expressed in terms of its momentum space version by the relation
The interpretation of (6) is that a pair of fields φ(y ′ ) distributed throughout all of spacetime y ′ acts as a source for itself at the point x with an interaction strength given by g/2, as determined by the cubic term of (2). Likewise for the cubic term of (3) as determined by the quartic term of (2),
Equation (8) shows that the field φ can also act as a source for itself via another mechanism, namely a triplet of fields at the same point z ′ for all spacetime points z ′ . This mechanism is allowed by the starting action (2) . Written fully out, equation (5) reads
Each occurence of the fields φ, say for instance at y ′ , could have been sourced by any of the field combinations as shown below
and likewise for the fields at z ′ . At this level, the simplest term stemming from equation (9) can be written
Equation (11) has the interpretation that a pair of fields φ(y 1 ) at y 1 and another pair φ(y ′ 1 ) at y ′ 1 create a disturbance at y 1 and y ′ 1 for each y 1 and y ′ 1 in spacetime. The two disturbances propagate and join at the point y which in turns propagates to x. The self-interaction of the disturbance is suppressed by powers of the coupling constant g, so the effect diminishes with spacetime interval to the sink at x. One obvious requirement that the process not blow up is that that g be sufficiently small. Computing some more terms at this level,
which correspond to a pair of fields at y 1 propagating a disturbance to y at which point it joins with another disturbance from a triplet of fields emanating from y ′ 1 . The prefactor of 2 in (12) signifies that this process can occur in two ways.
Another possibility is that instead, two separate triplets, one at y 1 and the other at y ′ 1 create disturbances which propagate from their respective points of origination to the point y where they join into one disturbance that progagates onward to x (g/2!)(λ/3!)
Note that these events are integrated over all spacetime. Hence they occur in all possible ways from all possible points containing the field distribution φ. There are also events which propagate disturbances into x that originate as triples at this level. For example, the following terms are also allowed
along with (15) and
This process can be iteratively repeated ad infinitum. Rather than write out the mathematical expressions for each term, it is convenient to encode the terms by a sequence of diagrams with a few associated rules. We denote these the renormalizability tree network rules, the term 'renormalizability' stemming from the renormalizability features of the theory. The position space Feynman rules for φ 4 theory affix a factor of G(x, x ′ ) for each occurrence of the propagator in a Feynman diagram as well as a factor of g and λ respectively for each cubic or quartic vertex. We will find that there is a direct correlation between the network structure and the Feynman diagrammatic structure of any quantum field theory irrespective of whether it is renormalizable or nonrenormalizable.
4 tree network rules
The source free case
The rules that determine any allowed contribution to the field φ(x) at x are as follows: Associate a graph with each process occuring in spacetime.
For each occurence of a propagator G(x 1 , x 2 ) draw a line, denoted by the the term 'branch', connecting the points x 1 and x 2 . Define a node as the intersection point of three or more lines. For each node where three lines meet, affix a factor of g, and for each node where four lines meet affix a factor of λ. The associated numerical factors of 1/2! and 1/3! are implied, and are omitted in order to avoid cluttering up the notation. Any node, defined as where lines originate or end, that is saturated is integrated over all of spacetime. There is only one free node which is not integrated over, namely the 'univalent' node corresponding to the spacetime point x at which the solution φ(x) to the equation of motion (2) is being evaluated. It is convenient to think of the branch joining this node as the trunk of the tree network. Scalar φ 4 theory is a particular theory for which the nodes do not modify the disturbances, but rather relay them to other adjacent nodes. Note that in (2) there is no external source J(x) for the field φ(x). The interpretation of this in the renormalizability tree network is that each allowable term of the network is infinitely connected. The lines have no beginning, they simply flow throughout all of spacetime into and out of nodes, and the entire network passes through an infinite number of nodes for each path, ending at the point x where the field φ(x) is evaluated. The coupling constants associated with each node proliferate, yielding an overall amplitude proportional to g m λ n , where n + m = ∞. From this perspective it is clear why φ(x) = 0 is an obvious solution to (2) . This is a sufficient condition in order for the tree network sequence for any particular term to converge, having gone through an infinite number of nodes. Note that for any φ(x) = 0 originating the network in the far past, in order to guarantee the convergence of a solution one must have lim n,m→∞ g m λ n = 0, which requires that the coupling constants be be bounded 5 . In this case the solution at the output of the network defaults to φ(x) = 0, which was the obvious starting solution corresponding to unbroken symmetry. This exhibits a kind of stability in that the system naturally seeks a ground state.
The inclusion of sources
The effect of adding matter sources into the theory will induce a breaking of this symmetry as the field seeks equilibrium at a new, J-dependent value. Consider (2) with a matter source J(x) that couples to the field φ(x).
The corresponding classical equations of motion stemming from (17) are given by
Performing the analogous sequence on (18) and assuming boundary conditions such that the source J(x) is the only source for the field, one can write = g + J + Figure 1 :
where
Equation (19) can be written in diagrammatic form as shown in figure 1.
One can analogously substitute all occurrences on φ(x) on the the right hand side of the equation in for itself to obtain a series expansion including the terms illustrated in the previous section, but also terms involving the source J(x). For example the simplest term, the first-order term, is given by (20). This corresponds to the weak λ weak g limit. It involves a direct propagation of the disturbance of the field φ from the source located at x ′ to the point x, summed over all x ′ . There are at this point no constraints on the relationship between g and λ, other than finiteness of the network. There are also allowed terms of the form
and also
Equations (21) and (22) correspond either to a pair or a triplet of sources J creating distrubances that propagate into either a trivalent or a tetravalent node, where they join and continue on to the output point x. The process can be continued ad-infinitum, whereupon one realizes that the propagation of the force mediated by the field φ from a matter source can occur only along an allowed path constrained by the tree network topology. To model the effect of an external matter source J(x) at x, one creates N copies of the source at the input, tracing all possible propagation paths through the network subject to the constraint of three or four lines per node, in all possible ways to the ouput, and sums over all N from 1 to ∞. The field φ(x) at point x can then be expressed as an infinite sum of trees, the set of all trees whose most extreme branches originate from sources J.
So the network rules in the presence of matter source must include a symbol J at any point where a matter source exists. The end result is that there are three main types of propagation paths that can occur through a network. (i) One can have an infinitely connected tree network, which does not contain any matter sources in the flowpath, through an infinite number of nodes. For such a network the branches corresponding to each term have no beginning and pass through an infinite number of nodes, terminating in one single branch at the point x where the field φ(x) is evaluated. The amplitude corresponding to any term (tree) is either g ∞ λ ∞ = ∞ or g ∞ λ ∞ = 0, depending on whether g < 1, λ < 1 or g > 1, λ > 1. An example of one such term might be given as in figure 2. (ii) The second type of path originates disturbances from any one of multiple copies of a matter source J and propagates the disturbances along the branches through a finite number of nodes ultimately to fuse into one branch leading to the output x. The corresponding factor is of the form g n λ l where n and l take on all possible finite values. There are an infinite number of possible terms each comprised of trivalent and tetravalent nodes. (iii) The third type of propagation path through a renormalizability tree network is a combination of (ii) and (iii), namely a tree with some branches extending through nodes to infinity without termination, and other branches terminating on current sources J. Figure 3 illustrates some typical terms for a renormalizability tree network containing a source.
One can attempt to associate this notion of renormalizable networks to Feynman diagrams in the Lagrangian picture. We conjecture that the two pictures are equivalent. The generating functional corresponding to the starting Lagrangian including matter sources would be of the form, schematically,
Equation (23) corresponds to the energy due to the interaction between two sources, given by
As a review, (24) represents propagation without self-interaction of the field φ. To incorporate the interations, one by the usual methods of field theory computes the generating functional
One term of an infinitely connected renormalizable tree network without matter sources. Although the propagation of disturbances proceeds from right to left, it is convenient to think of the network as originating from the trunk at the extreme left and flowing into nodes which radiate either two (trivalent) of three (tetravalent) branches. These branches in turn flow into adjacent nodes which in turn radiate further branches, etc. A numerical factor of the coupling g or λ, as appropriate, is associated with the corresponding node and the entire diagram for this tree (term in the series determining φ(x)) is computed by multiplying together all factors of the coupling constants and operating with all occurences of the Green's functions. The allowed terms contributing to φ(x) are constrained by network topology and the nodes do not influence the incoming or outgoing disturbances in any way, but simply relay them to adjacent nodes. Also, the braches radiate infinitely outward and do not terminate other than on nodes. Figure 3 : Renormalizability tree network containing a source. The difference of this diagram to figure 2 is that for some terms in the infinite series determining φ(x) the branches terminate on current sources. When viewed from right to left the interpretation is that the current sources act (in specific combinations of either one, two or three) as a source for the mediation of a field. The physical effect of this field can be observed as a force which another source J(x) placed at the univalent node connected to the trunk would feel. The effect of summation of an infinite number of network tree diagrams is to model the nonlinear self-coupling of the field φ. The interpretation of a finite force being felt by a source J(x) placed at the trunk of the tree is that the entire series, with all of its factors of g m λ n and associated Green's functions G(x ′ , x ′′ ) must be convergent.
+ …
where in this case the self-interaction potential V contains φ 3 and φ 4 terms.
The semiclassical-quantum correspondence
The relevance to our network approach is as follows. The network description of the model arises directly from the classical equations of motion which determine the critical point of the starting action (2), whereas the Feynman description arises from the consideration of quantum fluctuations of the action about this critical point. At this point we introduce a corollary to the semiclassical-quantum correspondence [8] that the network description and the Feynman description must be equivalent to each other, at least for renormalizable theories. 6 The rationale is that the quantized theory including all of the loop corrections is the same as the classical theory with the coupling constants redefined. One can define the quantum theory by the set of Feynman rules with its associated structures. The structures are the sources, propagators and vertices. These same structures appear in the network description, which arises from the classical equations of motion. Therefore the renormalizability properties of the theory, as with any theory, in the Feynman description must as well be related as well to the structure of its network description. The analogue of the process (25) in the network description must be to model the self-interactions as equivalent to the existence of multiple copies of the source J. So the matter effect occurs via an infinite number of possible routes each of which must all be summed to obtain the cumulative effect on the output. Each route is constrained by the topology of the network in order to contribute.
Let us now codify a few constraints on the topology of the network. In the case of φ 4 theory the following relation, from graph theory, must be satisfied by any cubic network 7
where V (3) and V (4) is the number of trivalent or tetravalent nodes respectively, I the number of internal lines (propagators), and E the number of external lines (propagators), which originate from matter sources J. Equation (26) states that all lines emanating from a node must either (i) connect to another node; or (ii) become an external line which terminates on a matter source (E is the number of copies of the source at a given level). The additional term 1 corresponds to the trunk of the tree, where the cumulative effect of the sources is evaluated. This point should not be double-counted. The coefficient of the I term in (26) signifies that each internal propagator connects two vertices. The total strength of the influence of the force due to the matter source J at the output is given schematically by
where D ∼ O −1 corresponds to the propagators. It is expected that the convergence or nonconvergence of the series (27) is directly related to the renormalizability properties of the series. To get a rough idea for the convergence properties, it helps to have a closed form expression for the generating function of this infinte series. The generating function, if it could be explicitly written, would correspond to the full solution. Let us make the identifications V (3) = m, V (4) = n, E = N and treat multiple occurences of the source and propagators symbolically by their respective powers. In a way we are treating them as equal, but understand that they must be disentangled in the final formula
Codification of the standard form
The equation of motion for the Klein-Gordon field can we written in the following standard form
where φ = φ(x). Here, the quantities S and E should be thought of as operators acting on the field φ(x). They are given by
which corresponds to the coupling constant for a cubic self-interaction in the Lagrangian picture, and the analogous quartic interaction
The reason we have chosen the form (29) is to facilitate comparison with Yang-Mills theory and gravity. We would like to think of the solution in terms of a transformation induced by the existence of the matter source J(x) which breaks the symmetry of the ground state. So it will be convenient to write the solution in terms of an exponential generating function acting on the ground state vector.
Expanded out, this yields
where we have made the identification
where in (34) we have that x n = y. The idea is to regard (32) as a kind of group transformation parametrized by the matter content J(x) of the theory. The transformation acts on the fundamental representation of infinite dimension, one dimension for each spacetime point in M . The products in (34) then constitute the infinite dimensional analogue of matrix multiplication in this representation of the group, in which the T play the role of the generators of this group. We will use the concept of the exponential generating function as a general form for writing the solution to the equations of motion. It remains to write the recursion relations relating the T . This is given, by substitution of the exponential Ansatz into the equation of motion (29) to yield
The first order generator has a representation
and the remaining orders follow by iteration. Hence, one has a compact representation of the solution which generates the sequence of Feynman diagrams of the corresponding netork topology. The feature which distinguishes the exponential generating function of one model from another model is the specific form of the equations of motion to be solved. The equations of motion uniquely determines the network topology which generates the full sequence of diagrams. Using this formalism and its analogy to the Lagrangian picture, we will see in why metric general relativity is perturbatively nonrenormalizable, and in what sense it can be cast into the form of a renormalizable theory. But first, let us consider Yang-Mills theory.
Yang-Mills theory in the tree network description
We now apply the network description to a slightly more complicated theory. The Yang-Mills action for gauge group SU (N ) with no sources present
when expanded out can be written as
Purely from the perspective of network topology, Yang-Mills theory is structurally similar to φ 4 theory. If one compares (38) to (2), putting aside the issue of indices, as well as the derivative on the cubic interaction term for the moment, one sees that they have the same structure. Yang-Mills theory can be thought of as a φ 4 theory for which λ ∼ g 2 . This constraint between the coupling constants is due to gauge invariance and there are only two types of vertices, a trivalent vertex and a tetravalent vertex, as in φ 4 theory. One may perform the analogous procedure of writing the equations of motion with the linear part on the left hand side. Yang-Mills theory at the linearized level is essentially Maxwell's theory, which requires gauge fixing in order to invert the propagator. Assuming an appropiate gauge has been fixed, one could write the equation
where we have defined the kinetic operator
The corresponding recurrence relation reads
where the propagator G ab µν (x, y) corresponds to the analogue of G(x, y) in φ 4 theory. It can as well be expressed in terms of its momentum space version, in the unitary gauge, via the relation
One obvious solution to (41) is A a µ = 0. To attempt to find other solutions, one can write (41) schematically in the form
To obtain an idea for the network structure of Yang-Mills theory one performs the analogous expansion, substituting all occurences of A in for itself. To first order, one obtains (omitting any symmetry factors and indices for simplicity,
A similar analysis as occurs for φ 4 theory imples that the the network without any matter sources is infinitely connected. Any input goes through amplification at each node by an appropriate power of g, along with the appropriate structure constants and derivative terms, an infinite number of times prior to reaching the output. There is of course no input or output since the network is infinite in extent. But one can codify the analogous rules for the nodes in that they fall into one of two different types, with a specific rule for how the node modifies the incoming disturbance prior to passing it on to the next node in the sequence. It is expected that the derivative term, when considered in the context that this process is repeated an infinite number of times, might help explain the phenomenon of confinement in Yang-Mills theory. Note that the entire network is associated with a factor of g ∞ , which for strong coupling is infinite. This would signify an infinite force on any object at the output at low energy or large distance scales. A weak coupling would be associated with a factor of zero, for g < 1, which falls into the region of asymptotic freedom. In either case Yang-Mills theory is renormalizable. But nevertheless, we can see how a rough arguments based on the network structure for Yang-Mills theory has profound implications for running of the coupling constant with energy scale, as well as its observational implications.
The introduction of matter fields which couple to the gauge field A a µ is analogous to the introduction of J(x) in φ 4 theory 8 .
(45) 8 In the case of quarks the factor of g ∞ associated with a given term (tree) may shed some insight on the phenomenon of confinement in quantum chromodynamics. Sourceless Yang-Mills renormalizability tree network. This network is the analogue of figure 2 for φ 4 theory. The network without source is infinitely connected. The vertices are more complicated than in φ 4 theory in that they contain Yang-Mills SU (N ) indices associated with the structure constants f abc along with the coupling constant g (suppressed for simplicity), but purely from the perspective of topology the network structure for scalar φ 4 and Yang-Mills theory are identical. One difference between the nodes for Yang-Mills compared with φ 4 theory is that the trivalent node for the former modifies the incoming signal by acting on it by a spatial derivative ∂ µ . This is exemplified by the associated momentum space Feynman rule gf abc p µ for a trivalent vertex in the Feynman picture. The tetravalent vertices, other than for occurences of terms of the form f abc f aef g µν g ρσ are of the same structure as in φ 4 theory. Figure 6 : Yang-Mills renormalizability tree network with source. The index structure of the sources J µ e (x ′ ) coupled to each node must match the corresponding index structure of the node. For trivalent nodes the incoming disturbance is modified by a (suppressed) spatial derivative as determined by the Feynman rules for Yang-Mills theory. The sum of an infinite number of trees with branches connected in all possible ways to sources is the manifestation of the nonlinear nature of the strong SU (3) or the electroweak SU (2) force which would be felt by a matter current J ν a (x) placed on the output of the trunk at x.
Inclusion of matter sources
When a matter source J µ a is included, the equation of motion for the YangMills field in a particular gauge takes on the form
where we have made the identifications
where we have added in a mass term into the kinetic operator to render it invertible. One may as well pick a gauge. The three and four point (Lagrangian description equivalent) vertices are given by 9
and
We now write the solution to (46) in compact form using the exponential generating function
where α b ν plays the role of the 'ground' state of the representation, and we have made the identification T · J = (T a ν )J ν a . The expanded form is given by
n , y; x n ](52) 9 Note that due to the derivative term, the vertex acts on the fields.
where we have made the identification x ′ n = y and the identifications b = e n , ν = σ n , and the indices within the brakets in (52) are poised to be contracted with the respective current sources J ν 1 a 1 (x 1 ) . . . J νn an (x n ). A repeated spatial label implies integration over spacetime with respect to the corresponding position. The first order term of (51) is given by
Substitution of the exponential generating Ansatz into (46) yields the following This recursion relation generates the cubic network series, with dimensionless parameter g, and corresponds to a renormalizable theory in the Lagrangian picture. We postulate, as with the case of scalar φ 4 theory, that the renormalizability of this picture stem not only from the dimensionless nature of the coupling constant, but as well from the fact that the recursion relation is polynomial. We will now constrast this to the state of affairs of gravity in metric variables.
tal level the reasons why it is an unrenormalizable theory and possible methods to cure this. One feature of general relativity different from the φ 4 and Yang-Mills theories considered earlier is that the metric must be expanded in fluctuations about a flat Minkowski background g µν = η µν + √ Gh µν . Flat Minkowski spacetime with g µν = η µν can in a certain sense be considered the critical point in analogy to φ(x) = 0 and A a µ (x) = 0 in φ 4 and in YangMills theory. From this perspective the latter theories in the absense of sources J(x) and J µ a (x) are by definition expansions about their respective critical points. Whereas these expansions terminate at fourth order, the analogous expansion in metric general relativity does not terminate at any order. With h µν as the basic dynamical variable, the action for Einstein's general relativity coupled to matter can be written, in the DeDonder gauge, in the form
where in (56), h = h ν ν is the trace of the metric fluctuations h µν , and the nonlinear terms, denote them Θ(h), constitute an infinite series in h µν . This is another significant difference from (56) to (2) and (38) in that the infinite number of terms signify an infinite number of different types of nodes in the renormalizable network picture. The corresponding classical equations of motion read
By identifying the kinetic operator for massless gravitons appears in the following form in momentum space one can obtain the propagator in position space 10
whereupon (57) can be inverted to express the graviton in terms of itself
In the absence of matter we have T µν = 0. The right hand side of (60) consists of an infinite series of terms, stemming basically from the nonpolynomiality of the quantity
Of course, the quantity √ g is necessary in order for the Lagrangian to be invariant under general coordinate transformations, the symmetry group of metric general relativity. In the perturbative quantization picture it suffices to note that there are an infintive number of different types of vertices due to the Θ term already at tree-level. This translates into an infinite number of different types of nodes in the network picture as opposed to just two types in φ 4 and in Yang-Mills theory.
For T µν = 0 an obvious solution to (60) is h µν = 0, or pure flat Minkowski spacetime. The network corresponding to any one of the infinite number of terms in Θ is infinitely connected with each vertex weighted by a factor of √ G. The overall contribution for each network is of the form G ∞ . Note that for any h µν = 0 on the input to the network for a given term, the output is amplified an inifinite-fold number of times to produce an infinite result on the output. This suggests that gravitational waves should not exist unless G < 1. However, the numerical value of G depends on the energy scale. As one approaches smaller length scales the value of G increases. When it exceeds 1 the nextwork blows up an infinite-fold number of times. However, at larger length scales the value of G can be less than 1, which make the network more manageable, albeit still infinite.
In the presence of matter sources apart from gravity T µν = 0 and an infinite number of terms of the network terminate on these matter sources in all possible ways. These terms aquire a factor of G N for each term. So one can infer that the nonrenormalizability of general relativity might in some way be traceable back to the vast difference in network structure from renormalizable theories. This is of course an extreme case, as there are nonrenormalizable theories in four dimensions which have a finite number of different types of nodes in their network structure, for example φ 6 theory in four dimensions.
To put the metric Einstein's equations into the network description, we first make the identification
The analogous Ansatz for the exponential generating function would be of the form of a transformation of the ground state vector, namely the Minkowski metric, parametrized by the matter content T µν .
The expansion then reads
7 Proposal to resolve the nonrenormalizability of metric general relativity
When viewed in terms of the network picture, it becomes clear what a possible cure to the nonrenormalizability of general relativity entails. If one could express metric general relativity in terms of a finite number of different types of vertices in the field-theoretical picture, then one can be closer to the main goal. We will see that the quantum constraints of general relativity in Asktekar variables take on the same form as the classical equations of motion for Yang-Mills theory, at least when coupled to the lower spin fields and in other cases. 13 When one quantizes general relativity in Ashtekar variables subject to the semiclassical-quantum correspondence, one can write the constraints in the form [9] O cd ab ǫ cd + ΛΣ
where the variable, analogous to φ, in φ 4 theory, A a µ in Yang-Mills theory, and h µν in metric relativity, is given by ǫ ae . The term ǫ ae is the CDJ deviation tensor, which encodes fluctuations from DeSitter spacetime, and Q ae is its corresponding source. The quantity Q ′ ae is a 9-vector constructed from of the Noether charges for SU (2) − gauge transformations and diffeomorphisms, including imprints of quantum fluctuations and ordering ambiguities. An inversion of (68) yields
where D ab cd = (O −1 ) ab cd is the functional propagator on the functional space of quantum fields Γ. A comparison of (69) to Yang-Mills (38) and to φ 4 theory (3) reveals that they have exactly the same network structure. The cosmological constant Λ plays the role of the Yang-Mills coupling constant g. There are two main types of vertices in (68) unlike in metric general relativity, a trivalent and a tetravalent vertex. This corresponds to nodes Σ cdef ab and E cdef gh ab in the network description. The main differences between our description in Ashtekar variables and the former cases are as follows: (i) Equation (68) is the starting equation of motion, not directly derived from an action, though an action can be constructed as we show in Part I; (ii) Although there are only two types of nodes and the node E cdef gh ab is exactly the same for a wide range of matter models, the vertex Σ dimensionlessness of the coupling constant g. This renormalizability is exemplified in the network picture by a recursion relation which can be solved in closed form. Since quantum general relativity in Ashtekar variables has exactly the same form as does classical Yang-Mills theory in the network picture, it follows that the ability to write the solution to the constraints in closed form in general relativity is equivalent to the renormalizability of the theory. Therefore we conclude that general relativity is perturbatively renormalizable as a quantum theory in Ashtekar variables for a wide class of models.
The isotropic case
We have shown in general how to construct a closed form expression for the generating funtion for vector and tensor equations with variable input parameters. Let us now derive the generating function for a simple case, namely the isotropic case, or the component φ, A a µ , ǫ ae most likely to cause divergences and nonrenormalizability. In this way one can obtain upper and lower bounds on the renormalizability properties of the theory. If for example the generating function turns out to be a monotonic function, then it is bounded by using the maximum component in the isotropic approximation. If such a component yields a finite solution, then all components will yield a finite solution. To illustrate, say in the case of (68) that all components ǫ ae are small compared to ǫ = trǫ ae . Then one can make the approximation that the deviation tensor is isotropic. For ǫ ae = δ ae ǫ equation (68) can be written in the form
Equation (72) is a cubic polynomial equation which can be solved for the roots ǫ in closed form [12] . The solution is given by
where we have made the definition 
Note that the function T 1/3 (x) is a slowly varying function, which acts as a matter-dependent contribution to the cosmological constant Λ. It obeys the following limits, at the extremes of its arguments 
One can write the solution
and more easily evaluate the model-specific response under variation of the parameters.
Discussion
The common characterstic shared by two renormalizable theories, φ 4 and Yang-Mills theory in four dimensions, is that their equations of motion are polynomials of cubic order in the basic variables. The iterative solution to the equations of motion allow for a convenient description in terms of networks with a finite and manageable set of nodes, called cubic tree networks. This basic characteristic is shared by general relativity expressed in Ashtekar, rather than metric, variables when the quantum constraints are expressed, subject to the SQC, as a set of nine equations in nine unknowns, at least for matter Hamiltonians contributing no higher than quadratic order in singularity. 14 So it is hoped that the features of the netwrk description which relate to renormalizability of the theory can be extended from the normalizable nongravitational theories into the Ashtekar description in terms of ǫ ae . Since the iterative procedure generates an infinite series, it would be useful to express the infinite series in terms of a generating function that generates all of the terms. With a closed form solution, such a generating function would literally be the solution to the equations of motion for the matter-coupled theory. The existence of such a function would imply that the theory is convergent.
